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Abstract 

We consider the perturbed harmonic oscillator Tdi/j = —ip" + x'^ip + q{x)Tp, ^(0) = 0, 
in L^(M+), where q G H+ = {q',xq G L^(R+)} is a real-valued potential. We prove 
that the mapping q i-^ spectral data = {eigenvalues of To} © {norming constants} is 
one-to-one and onto. The complete characterization of the set of spectral data which 
corresponds to q £ H+ is given. 

1 Introduction and main results 

Consider the Schrodinger operator 

H = -— + |x|^ + g(|x|), xGR^ (1.1) 

acting in the space L^(M^). Let x = |x| and g be a real- valued bounded function. The 
operator H has pure point spectrum. Using the standard transformation m(x) i— > xu{x) and 
expansion in spherical harmonics, we obtain that H is unitary equivalent to a direct sum of 
the Schrodinger operators acting on L^(M_|_). The first operator from this sum is given by 

Tj^^ = + x'^ip + q{x)ilj , ip{0) = 0, x^O. (1.2) 

The second is — ^ + x"^ + ^ + <i{x) etc. Below we consider the simplest case, i.e., the 
operator To . In our paper we assume that 

g G H+ = |gGL2(M+) : q\xqeL^{R+)\ ■ 
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The similar class of potentials was used to solve the corresponding inverse problem on the 
real line [CKK2]. Define the unperturbed operator T^ip = —ijj" + x^ijj, ip{0) = 0. The 
spectrum (j{Tu) of is the increasing sequence of simple eigenvalues cr„ = cr°+o(l) , where 
(7° = 4n+3, n^O , are the eigenvalues of . Note that (j(Td) does not determine q uniquely, 
see Theorem 1.3. Then what does the isospectral set 

IsoD(g) = {p G H+ : cr„(p) = cT„(g) for all n ^ 0} 

of all potentials p with the same Dirichlet spectrum as q look like? 
The inverse problem consists of two parts: 

1) to characterize the set of all sequences of real numbers which arise as the Dirichlet spectra 
of geH+. 

2) to describe the set Isod(q') • 

We shall give the complete solution of these problems in Theorem 1.3. To describe the 
set Isooiq) define the norming constants t'n(?) by^ 

Vn{q) = log an{q), q) \\+^ = 2 log |V;,z^(0, q)\ , n ^ , (1.3) 

where (p{x) = ip{x, A, q) is the solution of the equation 

-cp" + x^cp + q{x)ip ^ Xcp , ip{0)^0, <^'(0) = 1, (A,g)eCxH+, (1.4) 

and ipn,D is the n-th normalized (in L^(M+)) eigenfunction of the operator To . 

Remark. Let ^'„,o(x) = ^'„,o(|x|) be the n-th normalized (in L^(M^)) spherically-symmetric 
eigenfunction of the operator H given by (1.1). Then we obtain 

*n,o(x) = ^|^^ and |^.,o(0)r = ^, n^O. 

We describe papers about the inverse problem for the perturbed harmonic oscillator, 
which arc relevant to our paper. McKean and Trubowitz [MT] considered the problem of 
reconstruction on the real line. They gave an algorithm for the reconstruction of q from 
norming constants for the class of real infinitely differentiable potentials, vanishing rapidly 
at ±oo , for fixed eigenvalues A„(g) = A° for all n and "norming constants" — > rapidly as 
n — > oo. Later on, Levitan [L] reproved some results of [MT] without an exact definition 
of the class of potentials. Some uniqueness theorems were obtained by Gesztesy, Simon 
[GSl] and Chelkak, Kargaev, Korotyaev [CKKl]. For uniqueness theorems we need some 
asymptotics of fundamental solutions and eigenvalues at high energy. For characterization 
we need "sharp" asymptotics of these values. Usually it is not simple. Note that recently 
the asymptotics Xn{q) were determined for bounded potentials in [KKP]. Gesztesy and 
Simon [GS] proved that the each IsoD(g) is connected for various classes of potentials. Note 
that the inverse problem for harmonic oscillator on the half-line for the boundary conditions 
^'(0) = bip{0),beRis solved in [CK]. 

-^Here and below we use the notations || • ||+ = || • ||l2(r+) , (•,•)+ = (•, •)l2(r+) • 
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Our approach is based on the methods from [CKK2] and [PT] (devoted to the inverse 
Dirichlet problem on [0, 1]). The main point in the inverse problem for the perturbed har- 
monic oscillator on 1R+ is the characterization of Isooiq)- Note that, in contrast to 
the case of perturbed harmonic oscillator on the real-hne [CKK2], the characterization of 
{i/„}^Q , i.e. the parameterization of isospectral manifolds, is given in terms of the standard 
weighted space. Thus there is a big difference between the case of the real line and the 
case of the half-line. 

The present paper continues the series of papers [CKKl], [CKK2] devoted to the inverse 
spectral problem for the perturbed harmonic oscillator on the real hue. Note that the 
set of spectra which correspond to potentials from H+ (see Sect. 3 for details) is similar 
to the space of spectral data in [CKK2] . In particular, the range of the linear operator 
f{z) {l—z)~^^'^f{z) acting in some Hardy-Sobolev space in the unit disc plays an important 
role. As a byproduct of our analysis, we give the simple proof of the equivalence between 
two definitions of the space of spectral data (Theorem 4.2 in [CKK2]), which was estabhshed 
in [CKK2] using a more complicated techniques. 

We recall some basic results from [CKK2]. Consider the operator 

Tijj ^ -ijj" +x'^'i/j + q(x)ijj , g e He^en={?ei-^(K) : q' , xq E L'^ (R); q(x)^q(-x), xER^ , 

acting in the space L^(M). The spectrum cr(T) is an increasing sequence of simple eigenvalues 
given by 

^nil) = ^n'^ f^nil) , where A° = A„(0) =2n-|-l, n^O, and /x„(g) — >-0 as n— >-oo . 
Define the real weighted £^-space 

^2 = {c = {c„}^=o : c„eM, ||c||,^=En>o(l+^)""|cnr<+oo}, r^O, 

and the Hardy-Sobolev space of analytic functions in the unit disc B> = {z : < 1}: 

H^^H^{B) = [f{z) = J:^^Jr^z-, zeB: /.elR, ||/||^,. = ||{/J^=olk < +00} , r^O. 

Introduce the space of spectral data from [CKK2] 

n^[h^{K}^^,: J2^nz^^-^^, fern], = 11/11^1^^. (1.5) 

Theorem 1.1 ([CKK2]). The mapping q —>■ {A„(g) — A^}^o ^ real-analytic isomor- 
phisni^ between the space of even potentials ^even o-'^d the following open convex subset 

S = {{hn}n=o e ^ : A°+/io < A?+/ii < A^+/i2 <...](zn. 

Remark. The inequalities in the definition of S correspond to the monotonicity of eigenvalues. 

^By definition, the mapping of Hilbert £paces F : Hi ^ H2 is a local real-analytic isomorphism iff for 
any yGHi it has an analytic continuation F into some complex neighborhood y&UcHic of y such that F 
is a bijection between U and some complex neighborhood F (y) £ F (U) C H2C of F{y) and both F ,F~^ are 
analytic. The local isomorphism is a (global) isomorphism iff it is a bijection. 
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Recall the following sharp representation from [CKK2]: 



,0 , fmQit)dt 



where the subspace Hq gH of codimension 1 is given by 

Ho = {hen : VT^z E„>o^n^"L=, = /(i)=o} . (1.6) 

3 1 

Remark that Lemma 3.4 yields ^n{(l)—0{n~^ log2 n) as n— >oo . Also, we need 
Proposition 1.2. (Trace formula) For each q e ^even the following identity holds: 

g(0) = 2 (A2n(g) - A2n+i(g) + 2), (1.7) 

where the sum converges absolutely. 

We come to the inverse problem for the operator To on R+ . For each q e H+ we set 
q{—x)—q{x) , . This gives a natural isomorphism between H+ and Heven ■ Then 

CTniq) = >^2n+l{q): U^O. 

Let 

Sd^ [{hn}^=o^'H-'^o+ho«Ji+hi«T^2+h2<..]. (1.8) 
We formulate our main result. 

Theorem 1.3. (i) The sequence {^^(g) — c^j^o belongs to So for each potential q e H_|_ . 
(a) For each qEii+ the sequence {rn{q)}'^=o G if, where r„ is given by 

4 

(Hi) The mapping q i— >• {{an{q) — a^}'^^Q ,q{0) , {rn{q)}'^=o) is a real-analytic isomorphism 
between H . and So x ^ x £3 ■ 



Remark. In particular, (p(0) , {r„(p)}^Q) e Mx ^3 are "independent coordinates" in Iso£)(g) 



The ingredients of the proof of Theorem 1.3 are: 

i) Uniqueness Theorem. We adopt the proof from [PT] and [CKKl]. This proof requires 
only some estimates of the fundamental solutions. 

ii) Analysis of the Prechet derivative of the nonlinear spectral mapping {potentials} 1— > 
{spectral data} at the point q — 0. We emphasize that this hnear operator is complicated 
(in particular, it is not the Fourier transform, as it was in [PT]). Here we essentially use the 
technique of generating functions (from [CKK2]), which are analytic in the unit disc. 
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iii) Asymptotic analysis of the difference between spectral data and its Frcchet derivatives 
at q = . Here the calculations and asymptotics from [CKK2] play an important role. 

iv) The proof that the spectral mapping is a surjection, i.e. the fact that each element of an 
appropriate Hilbert space can be obtained as spectral data of some potential q e H+ . Here 
we use the standard Darboux transform of second-order differential equations. 

The plan of the paper. Sect. 2 is devoted to the basic asymptotics of the eigenvalues 
crn{q) and the values log[(— 1)"'^^(0, (T„(g), g)] . In Sect. 3 we introduce the space 7i and 
obtain its equivalent definition (Corollary 3.6). Furthermore, we consider a kind of linear 
approximation of our spectral data and prove Theorem 3.10 that is, in a sense, the linear 
analogue of the main Theorem 1.3. Sect. 4 is devoted to the asymptotics of the norming 
constants Vniq)- Also, in this Sect, we prove Proposition 1.2. In Sect. 5 we prove the main 
Theorem 1.3. All needed properties of fundamental solutions, gradients of spectral data and 
some technical Lemmas are collected in Appendix. 



2 Basic asymptotics 

Let \) — D \-i{\/2x) be the decreasing near +00 solution of the unperturbed equation 

--0" + = Xil: 

We use the standard notation -D^(x) for the Weber functions (or the parabohc cyhnder 
functions) , see [B] . Note that for each q e H+ the perturbed equation 

—ij)" + x^ij) + q{x)il) = Xtp 

has the unique solution ip+{x, A, q) such that ip+{x) — ip^{x){l-\-o{l)) as x^+00 (see (A. 11)). 

Lemma 2.1. For each q&il+ and the following identities hold: 

^+(0,a„(g),g) 



'ip+{0,an{q),q) = 



i/„(g) = 21og 



V'+(0,(T„(g),g)- 
0-n(?)-0-m(9) 



d 



(2.1) 



(2.2) 



Remark. It is important that the values ^+(0, crn(g), q) are uniquely determined by the spec- 
trum (T{Tr,) . In particular, '0+(O, a"„(p),p) = '0+(O, (T„(g), g) for allpeIsoD(?) and n^O. 



Proof. The standard identity V'^ = {'0+ , V'+j' yields 



/" 

^0 



ip\{x)dx = {'ip+,ip+} 



+00 



-^+(o)^;(o). 



^Here and below we use the notations {/, g} = fg' — f'g , u' = -^u , ii = -^u 
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where we omit (7„(g) and q for short. Therefore, 



.\\ip+{-,an{q),q)\\ + - 
Using the Hadamard Factorization Theorem, we obtain 



The differentiation of ^"+(0, a, q) gives (2.2). 



ip+{0,an{q),q) 



aeC. 



□ 



Let be the normahzed (in L^(M)) eigenfunctions of the unperturbed harmonic oscil- 
lator on M. Note that '4'n,D{')='4'n,D{-:0) = V^'4'2n+i{') ■ It is well-known that 

V^°(x) = (n!v^)-5D,(^a;) = (2"n!^)-5i/„(a;)e-^ , n^O , 
where Hn{x) are the Hermite polynomials. For each n^O we consider the second solution 



/ nly/j y/^ r (-l)t ImD_„_i(iV2x), n is even, 
\ 2 ) \(-l)'^ReD_„_i(iv^x), n is odd. 



of the equation —i/j"+x'^ilj = X'^ip which is uniquely defined by the conditions 

Note that «X°)(a;) = (-l)"+^a; + 0{x^) as x ^ , and (^°X°)(a;) = -x'^ + 0{x^^) as 
X— >oo, see [CKK2]. Following [CKK2], for qeH^, we introduce 



Also, we introduce the constants 

Theorem 2.2. For eac/i ?eH+ the following asymptotics^ hold: 

(7„(g) =C7° + 2g2n+l+^3%5(n), 



(2.3) 



and so on. 



log 



(a„(g)-0-g2n+i+^3+», 



2J1+1 



(2.4) 
(2.5) 



uniformly on hounded subsets of H+ , for some absolute constant S>0. 



"^Here and below a„ = &„+£^(n) means that {a„ — &„}5^o ^ • We say that an{q) =bn{q)+ir{^) holds 
true uniformly on some set iff norms ||{a„(g) — 6„(g)}^olU^ uniformly bounded on this set. 
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Remark, i) Proposition 3.2 immediately yields {Q'nj^o Using basic properties of the 

spaces 7i, Ho (see Proposition 3.3 and Lemma 3.4), we obtain 

Q2n+i = TT-i J^^ q{t)dt ■ ((7°)-^ + 0(n-t log5 n) . 

ii) In the proof we use some technical results from [CKK2], formulated in Appendix A.1-A.4. 

Proof. Let n = an{q) — cr° and m = 2n + l . Recall that 0"° = and ip+i^O, Aj^ + //, g) = . 
Lemma A.4 (i) yields // = 0(m~^/^). Due to Corollary A. 3 and asymptotics (A. 13), we have 

Hence, Lemma A. 7 (ii) gives /j, = + 0(m~^log^m) . Using the similar arguments, we 
deduce that 

= — • H + V'f + • + ^ {2Lr) (0, A^, q) + Oim-I log' m). 

Together with Lemmas A. 7 (ii), A. 6, this yields 

U f\ V A / k' A 1 V \ „ A Km / A , r, ^ r, , ^ 

Qm-Qm(lm+ -f ?m+7T^m " 2?^ - — (? J' + £3' m 

2 Vk'^ 2 / 4+0 

= L + - ^) • (L)^ +4%,(m) = L + 4%,(m). 



Furthermore, using Corollary A. 3 and Lemma A. 7 (ii), we obtain 

3 

+ 0(m~2) 



^V(0, a^iq), q) _ + ^+ + (0' 



+ V'?^ + V'V + V'f + V'i'^ • + i V^V (2D^)'(0, A^, q) 3 

^ \-0{m 2 log m) 



= 1 - L+ % (L)^-^ (L)^) + O -2^+ ^ (L)^+4Vm). 

Hence, 

K2n+i I^L VkL (kL)^ 16/ 4+0 



where we have used Lemma A. 6. □ 
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?^{(?,^n)}5r=o, H^£2 (3.1) 



A V ~ 

3 Coefficients q2n+i , %n+i and 

Let 

Note that the mapping 

„ , , r / „ „/'0 \ T oo xj 

'1/2 • 

is a hnear isomorphism^. Moreover, since {'ip2m}m=o ^^e orthogonal basis of the space 
Heven , it is the orthogonal basis of H+ . On the contrary, {ip2m+i}m=o the orthogonal 
basis of the subspace 

H° ={?eH+:g(0) = 0}CH+. 

Following [CKK2] , for each potential q e H+ we define two (analytic in the unit disc D) 
functions 

fc>0 

1/4" (n^.Jfi \. (3-2) 



where 



^fe = ^^j^ ~ (3-3) 

Lemma 3.1. (^zj The mapping q is a linear isomorphism between H+ and H^^^ ■ 

(a) The mapping q 1-^ Gq is a linear isomorphism between H*], and H'^j^ ■ 
(ill) {Gq){-) G C{T \ {-1}) and {Gq){-) G L\T) for each q G H+. 

Proof, (i), (ii) Using (3.1) and (3.3), we deduce that the mappings 
arc linear isomorphisms. 

(iii) Let q G H+ . Since ipQ{0) — 2i'K~i (see (3.8)), we obtain 

g(x) = 2-37r^g(0) ■ ^°(x) + go(a;) , x^O, 

for some go e H° . Due to (ii), we have Gqo G H^^^ C C(T) C L\T). Furthermore, (3.9) 
yields 

^^"^"^^"^ ~ 2^/2^ ^„ 2m+l " 
Hence, G C(T \ {-1}), G^-S G L^T) and the same holds for Gq . □ 



^We say that the hnear operator is a hnear isomorphism iff it is bounded and its inverse is bounded too. 
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Lemma 3.2 ([CKK2]). Let geH_|_. Then the following identities^ hold: 

^«„,».(^|)(£). ^^„.".PJM, .eD, (3.4) 



n>0 



(F5)(l) = (27r)-^ / (F5)(-l)=2-ig(0), (3.5) 

where the coefficients Qn and Qn , n^O , are defined by (2.3). 

Remark, i) Here and below we put {P+f){z) = Jj^,^^ for any /eLi(T) and zeD. 

In particular, the identity X]n=-A; '^nC"')(-2) = ^fj=o holds true for any c„gC. 

ii) Definition (1.5) of the space 'H is directly motivated by asymptotics (2.4) and Eq. (3.4). 

Proof. Identities (3.4) were proved in [CKK2] (Propositions 1.2 and 2.9). Also, in [CKK2] 
it was shown that 



5W = E Aw ■ Aw =E Aw ■ (jr^'i)!)'/' ' (f )"*E(-i)'^Aw 



in the sense of distributions, which gives (Fg)(l) = (27r)~^ Jj^^ q{t)dt . Furthermore, 

,,/i22^(2A;)!)V2 U/ 

in the sense of distributions. Together with (3.2), this implies (Fg)(— 1) = 2~^ • ^ . □ 
We need some results from [CKK2] (see Lemmas 2.10, 2.11 [CKK2]). 

Proposition 3.3. (i) For each {hn}'^=o&'H there exist unique veM. and {/in^}^Qe7io such 
that hn^v ■ + h^n^ . The mapping 

is a linear isomorphism between H and R x Ho ■ If h — {Qn}'^=o , qEH+ , then 

z=l + 

(a) The set of finite sequences {{Hq , . . . ,hk ,0 ,0 , . . .), , hj eM.} is dense in Hq . 
(Hi) The embeddings IIi^<Z'Hq<zIIi^ are fulfilled, 
(iv) oe^; then {h^ - o e^3/4- 

Remark. Since HoCiy^ , the sequence of leading terms {(A^)~"^t;}^q doesn't belong to Ho ■ 
^We write f{z) = g{z) iff the identity f{z) = g{z) holds true for all ^;eD . 



9 



The next Lemma gives the 0-type estimate for sequences from Ho . 

3 1 

Lemma 3.4. Let {/i„}^o^^o • Then hn — 0{n~4. log^ n) as n— >oo . 

Proof. The proof is similar to the proof of Lemma 2.1 in [Ch]. Definition (1.6) of Tio yields 

Recall that {l — z)~^ =Sm^o ^mZ"^ ■ Hence, 

n n oo 

hn — ^ En-kfk = 'y^XEn-k — En)fk — En ^ /fc . 
k=0 k=l k=n+l 

It is easy to see that En — 0{n~^) and En-k — En — 0{kn~^{n — k+l)~^) . Therefore, 

a/2 . ±2^ 3, 

fe=n+l fc=n+l k=n+l 

n n ,1 1/2 " 1/2 

^(i;„,.-i;„)A^(Xo( J^; )) =0(„-hog^„), 

fc=l fc=l ^ ^ fc=l 

where the estimate Y^^=i ^^l/feP <+oo has been used. □ 

Recall that Fq and Gq are defined by (3.2) and the system of functions {■02fe}fe^o ^ 
basis of H+. Therefore, it is possible to rewrite Gq in terms of Fq . Note that this situation 
differs from the case g G H (the perturbed harmonic oscillator on the whole real line [CKK2]), 
where the functions Fq and Gq are " independent coordinates" in the space of potentials. 

For C = e**^ eT, 0e (— tt, vr) , we define yC = eV. We have the identity 

1 ^2y^(-l)^ in ^2(Tp)_ (3_g) 
Lemma 3.5. For each ?eH+ the following identity holds: 



TT 



2 



{Fqm 



(Gq)(z) = --P+ '—^^ , zeD. (3.7) 



Proof. Wc determine the coefficients of the function V'2m+i with respect to the basis {'02A;}fe^o- 
The standard identity {V'sfe > V'2m+i}'= (^2fe-'^2m+i)V'2feV'2m+i yields 



f ,0 .wo^w {^2k,^L+im >2°.(Q)(V'2°^+i)XQ) 
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Note that 



(V'2Vl)'(0) = 



-11 



(0F22fc(2A;)!)V2 (0F22'=(2A;)!)V2 7rV4 



(3.8) 



(-l)™2™+i(2m + l)!! (-1)™V2 



(0F22'"+i(2m + l)!)V2 (0F22'»+i(2m+l)!)V2 



TT 



1/4 



V(2m+1)£;^. 



Therefore, 



'-1 



\m—k 



27r 2(m-A;) + l 



V(2m+l)£;^£;fe. (3.9) 



Since llV'^^.ll^-i 



2 , we obtain 



This gives 



+ 



V(2m+1)E^ 
(Fg)(C)l 23/4 



E 



TT ^ 2(m-A;) + l 
fe=o ^ ^ 



'^V'2° 



2k ■ 



+ 0O 



TT 



5/4 



+ 



i=— oo 



/ +00 



[E ^c'-E^(^'^2.u^ 

fc=0 



TT 



iGq)iz), zeB, 



where definition (3.2) of the functions Fq and Gq has been used. 
We introduce the formal hnear operator A by 



/(C) 



1-C 



7 /(C) 



/eLi(T) 



□ 



(3.10) 



Let 



Hl/, = {feHl/,:f{l)=0}CHl/,. 

Using Lemma 3.5 we shall obtain the simple proof of Theorem 4.2 from [CKK2] about 
the equivalent definition of Ho ■ 

o 

Corollary 3.6. (i) The operator A : i?3/4 — >■ i?3/4 O'^d its inverse are bounded, 
(a) The following identity holds: 



n 



n>0 



(3.11) 



The norms and \\g\\f^-2^^ are equivalent, i.e. Ci\\g\\ff2 ^ ^ II^IIh ^ C'2||5'||j:f2 ^ for any 

g e and some absolute constants Ci , C2 > 0. 

Remark. This equivalence was proved in [CKK2] using different and complicated arguments. 
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Proof, (i) Recall that the mapping q {Gq){—z) is a linear isomorphism between 
and • Also, due to the identity 1) = 2~^/^g(0) (see Lemma 3.2), the mapping 

o 

q i-^ {Fq)[—z) is a linear isomorphism between H° and H^j^^ ■ Therefore, the mapping 



TT 



f{z) = {Fq){-z) ^ q ^ {Gq){-z) = -- 



iFq){-0 



^ Af{z) 



u 

is a linear isomorphism between if 3/4 , and hI/^ respectively. 

(ii) lige Hl/^ , then g^{z)=g{z)-g{l)e hI,^ and so |^o(C)| ^ C\C-l\^'\ |CH 1 , for some 
constant C > . Hence, the following equivalence is valid: 



Y,Kz'' = P^ 



n>0 



n>0 



9o{C)_ 



^ P^ 



^/^(J2hnC]^9{l) + 9o{z)^g{z), 

n>0 



where P_f = f —P^f is the projector to the subspace of antianalytic functions in D. There- 
fore, the equation 



Y,hnZ'' = P^ 



n>0 



9(0 



where feHj/^, genj/i, 



is equivalent to g{z) = {Af){z) . Then, (3.11) follows from (i). 
Lemma 3.7. For each qEii+ the following identity holds: 



TT 



n>0 



n>0 



Proof. Due to identities (3.2) and Lemma 3.5, we have 



n>0 



2 ^ 



TT 



™(C) 



-Ip 



+ 



n>0 



Therefore, 



^^2n+lZ 

n>0 



2n+l 



TT 



-C 



n>0 



= ""P 



n>0 



TT 



□ 



(3.12) 
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This yields 



n>0 



n>0 



2 ^ 



Since ^-^^y^C^ for CeT, (^±1- 

We consider linear terms {$2n+i}^o {^2n+i}$^o asymptotics (2.4), (2.5) 
Proposition 3.8. (i) For each ? eH+ the following identity is fulfilled: 

{FDg){z) 



n>0 



where 



{Fj,q){z') ^ 1 [i^Fq){z)VTrz-{Fq){-z)Vl^) • 
(ii) For each geH+ the following identity is fulfilled: 



where 



(Hi) The mapping 



{Gnq){z') ^ ^ ((Fg)(-^)^TT^ - {Fq){z)Vl^) • 



g 1-^ (Fog ; G^,?) 

is a linear isomorphism between H+ anc? x if^^^ . 
Proof, (i) Due to (3.2), we have 

_ 1 ({Fq){z) {Fq){-z\ 

n>0 



This gives (3.13). 

(ii) Recall that Lemma 3.7 yields 



n>0 



n>0 



Using (3.2), we obtain 



E(^- - ^-H-i)^" - K 



l/(Fg)(^) , {Fq){-z)x {Fr>q){z^) 



n>0 



2V y/l^ 



(Gz.?)(^^) 
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This gives (3.14). 

(iii) Recall that the mapping q ^ Fq is a linear isomorphism between and H'^j^ ■ There- 
fore, we need to prove that Fq i— > {Foq^Goq) is a linear isomorphism between and 
X H'^i^ ■ Due to definitions of Fd and Go , the direct mapping is bounded. Since 



{Fq){z) = {FDq){z^)VT+^+{GDq){z')VT^, 
the inverse mapping is bounded too. 

Definition 3.9. For q&'H+ define coefficients Qn, n^Q , by 

1 



□ 



n>0 



{Gnqm-{Gnq){l) 



zeB. 



Remark. Due to Proposition 3.8, we have G^q^ H^j^^- Hence, — (G£)g)(l) e iJg^^ 

and Corollary 3.6 gives {§n}^o ^-^3/4 ■ 

Theorem 3.10. (i) For each ?eH+ the following identities hold: 



9(0) 



4(2n+l) 



A 



m>0 



2{n — m) + 1 



(3.15) 



(^iij The mapping 



9- ({^2„+i}^=o;9(o);{§n}:Lo) 

a linear isomorphism between H+ and Tt xR x £^^^ . 
Proof, (i) Due to identity (3.14) and Definition 3.9, we have 



n>0 



n>0 



(3.16) 



n>0 



Note that (G'Dg)(l) = 2-^{Fq){-l) . Then, identity (3.5) yields (Gz;g)(l) = ig(0) . Substi- 
tuting the identity = | X^sez liTT L'^{T) (see (3.6)) into (3.16), we obtain (3.15). 
(ii) Due to Proposition 3.8 and identity (3.13), the mappings 



Q 

H4 



{Foq-Goq) ^ ({92n+i}^=o ; ^d?) , 



-^3/4 ^ -^3/4 



are linear isomorphisms. Using Corollary 3.6, we deduce that the mapping 

Gdq ^ {{GDq){l) ; {Qn}Zo) , ^1/4 ^ K X 4% , 
is a linear isomorphism too. The identity {GDq){^) = \q{^) completes the proof. 



□ 
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4 Asymptotics of z^n(q) and Proof of Proposition 1.2 

Lemma 4.1. For each Q'eH+ the following identity holds: 

Y.{cjM)-al-2^q,r.+,) = Q. (4.1) 

where the series converges absolutely. 

Proof. By asymptotics (2.4), the series ^„>o(c''n(9)~crn~292n+i) converges absolutely. Due 

to Lemma A. 4'', = '4^n,D{^->l) i where ipn,D is the n-th normalized (in L^(M_|_)) eigen- 

function of the operator Td ■ Therefore, 

(7n{q) ~^n^ ^ (7n{sq)ds = ^ {'4^1,d{x, sq), q{x))+ds . 
Recall that ^jjl^oix: 0) = 2{'ilj^^^^f{x) . Then, 

The standard perturbation theory (e.g., see [Ka]) yields 
Hence, 

= r{2M^,tq)-( E -^"■-(^;f-^-ff^) ^,,.(.,t,),,(,))^^ ,,(.)) dt. 
This gives 

Y-/ / X o/) ^ O f\ ^ ((^n,D^m,g)(tg),g)^ 

-^0 -^0 S^^t^n ^n(tg)-a„(tg) 

Let 

_ "A ((V^«,j'V^m,g)(tg),g)^ _ .A ((V^n,D^m,D)(tg), g)+ 



Due to Lemma A. 8, for some absolute constant £>0 we have 

0(n^^m^^) for all n, m ^0 , 



{{'lljn,Dll^m,D)itq)^q) 



+ 



0(n 2 2?77, 2), ifm^n+n2+^. 

Using the simple estimate \an{tq) — a„i(tq)\~^ = 0{\n — m\~^) and technical Lemma A. 9, we 
obtain Sk^O as k^oo, i.e. I]„5>o(o'n(g) -o-°-292n+i) =0. □ 
'^Here and below d^{q)/dq = ({q) means that for any vGL"^ the equation {dq^){v) = {v,()L2 holds true. 
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Proof of Proposition 1.2. Repeating the proof of Lemma 4.1, we obtain 

for qeiieven- Recall that A2n+i(g) =<7„(g) and A^„_^i = a° . Using (4.1), we get 

^(-l)"(A„(g)-A°-2g„) = 5](A„(g)-A°-2g„) -2^K(5)-<7°-2?Vi) = 0. 

Due to Lemma 3.2, Propsition 3.3 (iv) this yields 

{Fq){z) q{0) 



5](-l)"(A„(g)-A°) = 2 ^(-l)"g„ = 2 

n>0 n>0 * 



z=-l 



Hence, ?(0) =2 E„^o(-l)-(A„(g) - A^), which gives (1.2). □ 
Recall that each sequence {an(g)— cr°}, gGH_)_ belongs to the set Sd<^'H given by (1.8). 
Theorem 4.2. (i) Each function rn(q) — i^n{<i) — + 2(2^h) ' ^^•^+ ^<^tisfies 

rn{q) = -2qn + Rn{l^)+il+si^), l^={l^n}^, l^n = (Tm-(T^ (4.2) 

uniformly on bounded subsets of 11+, where 5>0 is some absolute constant and 



(4.3) 



(^iij For eac/i {/^m}m=o ^/ie sequence {Rn}'^^=o belongs to the space i^^^ . Moreover, the 
mapping TZ : So ^ (-Ij^ given by {A*m}m=o ^ {-^nl^o ? locally bounded. 

Remark. Note that qn—^l/i{n) due to Theorem 3.10 (ii). Therefore, {rn(?)}^o ^ -^3/4 ■ 
Proof, (i) Let cr„ = (j„(g) and A*n = cr„(g) — (j° , n^O. Lemma 2.1 yields 



2 



V'+(0,(7„, gr) «2n+l-' 



Using Theorem 2.2 (ii) and Theorem 3.10 (i), we obtain 

-Wi 4(2n+l) ^^2(n-m) + l+V»- 
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Furthermore, identity (2.2) gives 



ip+{0,an,q) , 
log : = log 



K'2n+l 



<(0,<T„) 



n 



Hence, 



where 



g(0) 



2(2n+l) 

2{n-m) + 1 



m:m^n 



-2qr, + Rn{li)+il^s{n) + K, 



m>0 



In order to prove that hn = i'i,An), wc note that identity (3.6) yields 



h{z) = J2hnz'' = lP+\^], where g{z) = J2il^m-2q2m+i)z'- 



n>0 



m>0 



Due to asymptotics (2.4) and identity (4.1), we have g&Hf and g{l) = 0. Hence*, 



7T 



e Wi^g{T) , and so P+ 



9{C) 



'2 

1+5 



Thus, En>0^n^" e Hi i.e. {Kj^^.Gi 

4 4 ■ 

(ii) Let {firnj^^o^So ■ We rewrite (4.3) in the form = + + , where 

i?« = -21og 



V'°(0,<jO+//„)] 2^ 



- V f21ogL ^ 
^ V L 4(n-m) + a 



+ 



2{n — m) 



E 



2 n — m ^ 2(n — m) + l 

In the following Lemmas 4.3-4.5 we will analyze these terms separately. Recall that Propo- 
sition 3.3 and Lemma 3.4 give //„ = 0(n~^/^) as n— >oo and 



l^n = v- (n+1) 2 +^i/4(n) , 

where veM is some constant. 
Lemma 4.3. The asymptotics R^^ 



(4.4) 



48 



n+l) + '^3/4{n) holds true. 



^Here and below W^(T) is the Sobolev space on the unit circle T={^eC : |C| = 1}- 
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Proof. Due to ip'^{0, a^) — 0, fj,n — 0{n ^/^) and the estimates from Corollary A. 3, we have 



= 1 + ^ + ^ f^l + 0{rrl log' n) . 



Therefore, 



= ^ /^^ + 0{n--^ log' n) = ^ (n+1)-^ + ii/,{n) , 
where we have used Lemma A. 6 and (4.4). □ 

Lemma 4.4. The asymptotics R^^ — — + iy^in) holds true. 
Proof. For m^n we have 



2 log 



4(n — m) + fin -I 2{n — m) 



2 / m. 

01 



2(n — m)(4(n — m) + (4(n — m) + /x^)^ v(n — m) 



Therefore, 



8(n — m)2 16(n — m)2 V (n — m) 



" (n-my [n-mY ^ ' 



Recall that yU„ = f (n+1) + £^^^^(71) and = ^ + . Using simple technical 

Lemma A. 10, we deduce that 

This gives ASR^^ = -7r^v'^{n+l)-^ + £|/4(n) . □ 

Lemma 4.5. T/ie asymptotics Rn^ — £^^^{n) holds true. 
Proof. Note that the following identities are fulfilled in (T) : 
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where the branches of ^/—C and log(— C), ^ e T \ {1} are such that \/T = 1 and log 1 = 0. 
Then, 



n>0 



Since {/i„}5^o G , we have 

= , where FeH. 

n>0 ^ ^ 



Fiz) 



2 

3/4- 



Introduce the function 



(4.5) 



It is clear that 7 e C°°(T \ {1}) . Note that 7(C) ^ as C^l±iO. This yields 7 e W^3/4(T), 
7Fe W|/4(T) and P+[7F] e //^/^ . The last statement is equivalent to {R^n^n=o^'^3/4 ■ ^ 



Lemmas 4.3-4.5 give Rn = B!h^+B!n^+Rn^ =^3/4(^) • Note that all estimates are uniform 



on bounded subsets of So ■ The proof of Theorem 4.2 is finished. 



□ 



5 Proof of Theorem 1.3 

Introduce the mapping 

^■■q^ ; ?(0) ; {rn(g)}~ o) , 

where lJ-n{Q) = o'niq) — ■ Due to Theorems 1.1, 4.2, we have 

$ : H+ ^ 5i3 X M X £3 . 

4 

Theorem 1.3 claims that $ is a real-analytic isomorphism. The proof given below consists 
of five steps: $ is injective (Sect. 5.1); $ is real-analytic (Sect. 5.2); the Prechet derivative 
dq^ is a Fredholm operator for each q G H+ (Sect. 5.3); dg^ is invcrtible for each q e H+ , 
i.e. $ is a local real-analytic isomorphism (Sect. 5.4); $ is surjective (Sect. 5.5). 

5.1. Uniqueness Theorem. 

Let ({//„(p)}- ;P(0) ; {rnip)}^=o) = iM)}^=o ; ?(0) ; {rniq)}^=o) ^or some p, q e H+. By 
definitions of //„ and r„ , it is equivalent to 

<^n = <^n{p) = CFn{q) and z/„ = Unip) = i^n{q) for aU n^O . 

Using Lemma 2.1, we obtain 

ip'^{Q,an,p) = ip'^{0,an,q) for all n^O. 
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The rest of the proof is standard (see also [CKKl]). Recall that ip{x, A, q) is the solution of 
Eq. (1.4) such that ip{0, X,q)=0, (p'{0, X,q) = l. Introduce the functions 



Fi{X;x,q,p) 
V'+(0,A,g) 



fi{\;x,q,p) = \ , Fi{\;x,q,p) =ilj+{x,\p)if\x,\q)-if{x,\p)'il)\{x,\q), 



f2{X;x,q,p) = ^^7%rT^^, F2{X;x,q,p) = iIj+{x, X,p)ip{x, X,q) - ip{x, X,p)ij+{x, X,q) . 

Both /i and /2 are entire with respect to A for each x e 1R+ . Indeed, all roots n ^ , 
of the denominator ■0+(O, •, q) are simple and all these values are roots of the numerators Fi , 
F2 , since 

Lp[x,an,p) ^ ^ ip{x,an,q) 

for all xe]R+ and n^O. Standard estimates (see Lemma A. 2 and asymptotics (A. 6)) of ip 
and ■0+ give 

/i(A;x,p,g) = l+0(|A|-^), /^(A; g) = 0(|A|-^) , |AHA°,, A;^oo. 

Then, the maximum principle implies 

fi{X;x,p,q) = 1, f2{X;x,p,q) = 0, AeC. 

This yields (fi{x, X,p) — (fi{x, A, q) and ip+ix, X,p) — ip+{x, A, q), i.e. p — q ■ □ 
5.2. $ is a real-analytic mapping. 

Recall that for some 6>0 the following asymptotics are fulfilled (see (2.4) and (4.2)): 

Pin{q) = 2?2n+i + il^sin) , rn(q) = -2g„ + ( W(g)}^=o) + W , (5.1) 
where 

4 

is a locally bounded mapping given by (4.3). Let H+c be the complexification of H+ . Due to 
Lemma A. 4 (ii), for each gGH+ all functions Cniq) and o-niq), q) , , have analytic 

continuations into some complex neighborhood of q. Moreover, due to Lemma 2.1, all 
functions i^niq) have analytic continuations into some complex neighborhood of q. Therefore, 
for each real potential eH+ all "coordinate functions" /U„(g) , g(0) , r„(g) of the mapping 
$ have an analytic continuation into some small complex neighborhood Q of q. 

Repeating the proof of (5.1) we obtain that these asymptotics hold true uniformly on 
bounded subsets of Q . Let 



$W : q ^ ({2g2n+i}r=o ; ?(0) ; {-2§n}^=o) ■ 
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Due to Theorem 3.10 (i), ^^^^ is a linear isomorphism between H_|_ and ?i x M x iy^^- In 
particular, is a real-analytic mapping. Consider the difference 

$_$(o) : 5^ (^{;,„(5)-2g2„+i}^=o;0;K(?)+2§n}^=o) , 

$ - : H+ ^ . xRxih 

4+0 4 

All "coordinate functions" — 2Q'2n+i , rn{q) + 2qn are analytic and $ — is correctly 

defined and bounded in some small complex neighborhood of each real potential (since (5.1) 
holds true uniformly on bounded subsets). Then, $ — ^C') is a real-analytic mapping from 
H+ into £3 xRxil and $ is real-analytic too, since ^f, . Cff C?i . □ 

5.3. The Prechet derivative dq# is a Fredholm operator for each gGH+ . 

In other words, we will prove that dg^ is the sum of invertible and compact operators. Let 

$«:g^(0;0;7^({//^(?)}-=o)) and $(2) = $_$(o) . 

Using the same arguments as above, we obtain that TZd '■ Sd ^3/4 is a real-analytic 
mapping (since it is locally bounded in some small complex neighborhood of each real point 
fj, e Sd and all "coordinate function" i?„ are analytic). Then, is real-analytic as a 
composition of real-analytic mappings. Theorems 2.2, 4.2 yield 

$(2) : H+ ^ xRx e^^g . 

Repeating above arguments again, we obtain that is a real-analytic mapping too. 

Fix some q e H+ . The Prechet derivatives dq^ , dq^^^^ of the analytic mappings ^^^^ 
at the point q are bounded linear operators and 

dq^ = + + = ($(°)+d,$(^)) + . 

Note that the operator 

dq^^^^ -.U+^HxRxel 

4 

is compact since it maps H+ into if^ x R x £3^ and the embedding £| , C £3 is compact. 

4 1'^ 4 "T"" 4 4 

In order to prove that is invertible, we introduce two linear operators 

4 

Recall that ^^°^p— (Ap;p{0) ; Bp) . The chain rule implies 

(d,$«)p=(0;0;(ci^(,)7^)Ap), 

where (i,i(g)7^ is the Frechet derivative of the mapping TZ at the point /x(g) = {iJ,rn{q)}m=o ^ ■ 
Hence, ^^^^ +dq^^^^ ^C^^^^ , where both operators C and given by 

C^'^ :H xRx £^/^^n xRx £|/4 , C : (/i; t; r) ^ {h; t; r±{d^(^q)nD)h) 

are bounded. Recall that ($^^)^^ is bounded due to Theorem 3.10 (ii). Therefore, the 
operator ($(°)-F(ig$(^))"^ is bounded too. □ 
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5.4. $ is a local real-analytic isomorphism. 

By Fredholm's Theory, in order to prove that {dq^)~^ is bounded, it is sufficient to check 
that the range Randg^ is dense: 



HxRx 4^/4 = Ran dq^ . (5.2) 

Note that Lemma A. 4 (ii) gives 

dan{q) ,2 (, ^ aiog[(-l)"V^;(0,an(g),g)] w, . 

where ipn,D{-,q) is the n-th normalized eigenfunction of To and Xn,D{-,q) is some special 
solution of Eq. (1.4) for X — an{q) such that {Xn,D , 4^71,0} — i ■ In particular, 

{'^n,DXn,D){t,q) ^t, t^O, {^n,DXn,D){t, q) t^+OO. 

Due to Lemma A. 5 (i), for each q e H+ the following standard identities are fulfilled: 

<i.(9))+ = 0, («Z))'(9), (^m,DX2m+l)(g))+ = lS^n, ^ ^ 

(5.4) 

((V'n,i?Xn,i?)'(g), (V'm,DXm,D)(g))+ = 0, 71, m ^ 0. 

Note that (V'm,D)'(-> eH+ . Using (5.3), (5.4), we obtain 

fdl^niq) y/ n\ n ^ /^log[(-l)>;(0,a„(g),g)] 3 x// ^ 

{-^^A'^m,D){q))=^ and ,{i^m,D){q) 

for all n, m ^ . Due to Lemma 2.1, this implies 

(^^^±^5f^.«.)'(.))^=0 and 

The identity 

gives 



-'nm • 



V V dq 

Thus, 

(rf,<l>)(«^)'(g)) = (O;0;e„), 
where 0= (0,0,0, . . .) , eo = (1,0,0, . . .) , ei=;(0, 1,0, . . .) and so on. Therefore, 



{(0; 0)} X = {(0; 0; c) : cG^g^} C Rand,$ . (5.5) 
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We come to the second component of {dg^)C, , i.e. to the value ,^(0) . We consider the 
lowest eigenvalue \o{q) of the operator T/v (with the same potential q and the Neumann 
boundary condition ^'(0) = 0) and the function 

e(t) = M)'(t,Ao(g),g), teM, 

where '&{t) is the solution of —'ijj"+x'^'ijj + q{x)'ilj — Xip such that 79(0) = 1 and 'd'{0) — l. Note 
that ^(0) = 1 . Asymptotics (A. 11), (A. 12) give .CgH+ since ■&{■, Xo{q), q) is proportional to 
Xo{q), q) . Moreover, using (p{0, Xo{q), q)=il)n,D{^, g) = , we obtain 

Hence, 

{d,^)i = (0 ; 1 ; {d,T)i) , where {d,T)i = { , c)^} e 4% . 

Together with (5.5) this implies 



{0} X R X £3/4 C Rand^^ . 

Furthermore, we consider the functions —2{iprn,DXm,Dy {q) G H_|_ (see asymptotics (A. 11), 
(A.12)). Identities (5.3), (5.4) and {j/jm,DXm,D)' {o', q) ^'l give 

((iq$) {-2{lPm,DXm,Dy{q)) = (e^ ; -2 ; {dqV) {-2{i>m,DXm,Dy{q))) ■ 

Due to Proposition 3.3 (ii), the set of finite sequences is dense in Ho ■ Therefore, 



7^0 X R X £|/4 c Rand^^ . (5.6) 

In conclusion, we consider an arbitrary function CgH+ such that J^^({t)dt^O. Proposition 
3.3 (i) implies 

Together with (5.6) this yields (5.2), since the codimension of Hq in 7i is equal to 1. □ 
5.4. $ is surjective. 

Lemma 5.1. Let qEll+ , n^O andteM. Denote 

ql,{x) ^q{x)- 2— log ril,{x,q), ril,{x,q) ^ 1 + {e'-l) J ^lij{s,q)ds. 
Then e H_|_ and 

(^miqi) = (^m{q) , l^miqi) = ^m{q) + tSmn 

for all m^O . Moreover, (0) =q{0) . 

Remark. Therefore, rm{q!n)=^'m{q)+'t5nm for all m^O. 
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Proof. This Lemma is similar to [CKK2] Theorem 3.5 and can be proved by direct calcula- 
tions using the so-called Darboux transform of second-order differential equation (see also 
[MT], [PT]) and Lemma 2.1. Note that r;^(a;, g) = e* - (e* - 1) /^^^^^(s, g)rfs = e* + 0(a;3) , 
X 10. This imphes ql{0) = g(0) . ' □ 

We consider an arbitrary spectral data {h*;u*;c*) e 5/) x M x . Due to Theorem 1.1 
and Proposition 1.2, there exists a potential q* eH+ such that 

l^n{q*)=hl for all n^O and q*{Q)^u*. 

This yields 

(/i*;'U*;r(g*)) e $(H+), where r{q*) = {ro{q*) ,n{q*) , . . .) . 

Due to Proposition 3.3 (ii), for each £ > there exist a finite sequence — {to , ... , ifc , , ...) 
such that 

\\ic*-t,)-r{q*)\\ = \\{c*-r{q*))-t,\\<e. 
Since $ is a local isomorphism, for some £ > we have 

{h*; u*; c*-Q = {h*; u*; (c* -to , • • • , 4^4 , 4+^ , c*+2 ,•••)) e $(H+) . 

It means that {h*; u*; c* —t^) = ^{qk+i) for some q^j^^ eH+. Using Lemma 5.1 step by step, 
we construct the sequence of potentials 

?j = (?j+i)j'eH+, j = /c,A;-l,...,l,0, 

such that 

^[q.) = [h*;u*;{cQ-to,...,c*_^-tj_i,c*,c*^^,...)) . 
Then, $(go) = (/i*;'u*;c*) . □ 

A Appendix 

Here we collect some technical results from [CKKl], [CKK2] which are essentially used above. 
A.l The unperturbed equation. 

For each AgC the equation —tl)"+x'^tl! = Xil! has the solution ip^{x, A) = Dx-i (\/2x) , where 
D^{x) is the Weber function (or the parabolic cylinder function, see [B]). For each x the 
functions il^\{x, ■) and {'^^)'{x, ■) are entire and the following asymptotics are fulfilled: 

V'+(x, A) = (^x)^e-'^ (1 + 0(x-2)) , X ^ +00 , 

1 2 (A.l) 

(^° )'(a;. A) = ^{V2x)^e-'^ (l + 0{x-^)) , a; ^ +oo , 

v2 
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uniformly with respect to A on bounded domains. Note that (see [B]) 

r(l) (A-l)7r 2^ /A+1 



Let J^{x,t;X) be the solution of -<+a;2V; = A^ such that J°(t,t;A) = 0, {J%{t,t;X) = 1. 
Then 

J°(0, A) = A) = -(^(i, A, 0) , {J%{0, t; A) = A) = i9{t, A, 0) . (A.3) 

In order to estimate ■09 and J°, we introduce real- valued functions 



a(A)= ^ A=|A|e^^ 0e[O,27r), 

p(x,A) = l + |A|^/^^ + |x^-Ap/\ (7(x,A) = Re / ^/y^-Xdy, x^O, 

Jo 

where y^y'^ — X — y+o{l) as y^+oo (it is equivalent to Re y^y^ — X^O, if y^O). 
Lemma A.l. For all {x,t, A) e M+ x M+ x C i(/ie following estimates are fulfilled: 

|^°(a;,A)| ^Coa(A)-^^, |«y(a;, A)| ^ Coa(A) • p(a;, A)e--(^'^) , (A.5) 

\Ax,t;X)\ ^ . el-(--^)-(^'^)l , |(J°)U^,t; A)| ^ el'^(^'^)-(*'^)l , 

p{x, X)p[t, X) p{t, X) 

where Cq, Ci are some absolute constants. 

Proof See Lemmas 2.1 and 2.3 [CKKl]. Note that the proof is based on the result of [O] . □ 

Remark. If x = Q and |A| ^1, then^ (7(0, A) =0 and p(0, A)x |A|^/^. It follows from identities 
(A. 2) and routine calculations that 

|V^°(0,A)|x|A|-VVA), if |A| = MAL+i, ^ 

k,neN. A.6 

|(V^°y(0,A)|x|Ar/VA), if |A| = MAL, 

In other words, the estimates (A.5) of |'0+(O, A)| and |'0+(O, A)| are exact on these contours. 
A. 2 The perturbed equation. 

^Here and below f >^ g means that Ci\f\ < Is'l ^ Cal/I for some absolute constants Ci,C2 > 0. 



(A.4) 
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The solutions ip+ i'^ iV of the perturbed equation —%l)" + x^%l) + q{x)%l) — Xip , A e C , can be 
constructed by iterations: 



p+oo 

(x,A,g) = (x,A,g), V'^'H^, A, = - / J%x,t;\),l^^;'\t,X,q)q{t)dt , (A.7) 



A,2{^,X,q) = Y,^^;;l{x,X,q), ^%^'\x,X,q)= P J'{x,t; X)^^;;l{t, X,q)q{t)dt , (A.8) 

where we use the notations 'di = '& and '&2 = f for short and 'df^ = 1?*^°^ (^g'^'* = (p^^\ see (A. 3). 
Introduce functions 

It is easy to see ([CKK2] Lemma 5.5) that 

/3(A, q) = P4x, X, q)+Po(x, X, q) = C, M^I^ ^ 0(| A|-V2||g||H J ■ (A.9) 

Jo P l^? 

Lemma A. 2. For all {x, A, q) e M+ x C x H+c the following estimates are fulfilled: 



p(x, A) n! 
2Ci e'^^^'^) P^{x, X, q) 



l^^-"'^"'^'^^'^ (i+|A|vV-3 -;^ 



, J = l,2. 



/n particular, series (A.7), (A.8) converge uniformly on bounded subsets o/M+ x C x H+c • 
Moreover, the similar estimates with p{x, A) instead of in right-hand sides hold true 

for the values \ (^jJ^^)'(x, X, q)\ and \('&^"'^y(x, X,q) \ . 

Proof See [CKKl] Lemma 3.1 and [CKK2] Lemmas 5.2, 5.3. □ 

CoroIIciry A. 3. For all (A, q) E C x H+c , n,m^O and some absolute constant C > the 
following estimates are fulfilled: 



a™^f(0,A,g) ^ m!C"+'"+lg||jgi^ log'^dA] +2) ■ a(A) 



'"^ " n\ ' + ' 

(A.IO) 



dX^ 

a-(V^f)y(0,A,g) m\C^^^+^\\q\\^^ Iog™(|A| +2) • a(A) 



aA- ^ n\ (|A| + l)t-i 

Proof Note that (7(0, A) = and p(0. A) x 1+| A|^/^ . Hence, Lemma A.2 and (A.9) give (A.IO) 
for m = . Recall that ■0+^^(0, A, g), (■0^^)'(O, A, q) are entire functions. Therefore, the simple 
estimate 

a(A(0)) = O(a(A)), if A(0) = A + e*^ log-i(|A| +2) , 
and the integration over the contour A(0) , 06 [0, 27r] , imply (A.IO) in the case m>0 . □ 
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Let 



r+oo 




1 X 


t 



dt. 



The following asymptotics as +00 are fulfilled uniformly on bounded subsets of C x H+c 
(see [CKK2] p.l39 and p.l69): 

^+(a;,A,g) = {V2x)^e-^il + O04x,q))) , 

1 2 „ (A.ll) 

A, q) = --^(V2x)^e-^(l+0(/3+(x, q))) . 

Moreover, if x+(x, A, q) is a solution of +x^ip+q{x)ip — Xip such that k = {x+, V'+j 7^ , 
then 

X+(x, A, q) = -^{^/2x)^e'T{l + O04x, q))) , 

t _ 2 „ (A-12) 

xV(x,A,?) = -|(V2x)^e^(l+0(/3+(x,?))). 

Remark. If geH+c, then (A.ll), (A.12) give (^+x+)'eH+c (see [CKK2] p. 172). 
A. 3 Analyticity of spectral data and its gradients. 

Recall that H+c is the complexification of the space H+ . 

Lemma A.4. (i) There exist absolute constants Nq ,rQ>0 such that for any q G H+c and 
n > A^o||?||h+c the function ip+{0, -,5) has exactly n roots, counted with multiplicities, in the 
disc {A : |A| <4n} and exactly one simple root in the disc {A : |A — (tJJ| <ron^^/^} . 
(ii) For each real potential gGH+ all eigenvalues o'n{q) extend analytically to some complex 
ball {peH+c : \\p — 5||h+c < -R(?)}- Its gradients^^ are given by 

where ipn,D is the n-th normalized eigenfunction of To . Moreover, 

aiog[(-i)"v>v(o,an(g), g)] 

dq{t) 
where 

T9{t,an{q),q) , / n x , /, x 

Xn,D{t, q) = — — — — (0, (T„(g), q) ■ ^n,D{t, q) ■ 

<,i?(o,g) V'V 

Proof. (i) The proof repeats the proof of [CKKl] Lemma 4.1 (see also [CK] Lemma 3.1). 
(ii) The proof of the analyticity repeats the proof of [CKK2] Lemma 2.3 (p. 172). In order 
to calculate gradients note that the standard arguments (see [CKK2] Lemma 5.6) give 

= (<^^+)(t,A,g), = -{{}^+){t,\,q), t^O. 



= -{^n,DXn,D){t,q) , 



^°Recall that d^{q)/dq = ({q) means that for any vGL"^ the equation {dq£,){v) = {v,QL2 holds true. 
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Applying the Implicit Function Theorem to the equation ■0_|_(O, cr„(g), g) = and using the 
identity J^^ip'^{t, X,q)dt = {ip+,tp+}{0, X,q), we obtain 

dq{t) dM^)/d\ V'+(0) V';(0)V'+(0) {V'+,V'+}(0) '"^'^^ 

and 

aiog[(-ir^UO.^n(g),g)] _ -(i^^+)(t)+^U0)-^2n+l(^) _ f, w,. 

where we omit cr„(g) and q for short. □ 
Lemma A. 5. (i) For each q e H+ and n, m^O the following identities are fulfilled: 

((^n,i?)',^m,i3)+ =0, ((^n,i?Xn,D)',^^,Z))+ = ^mn , 

{{'^1,0)', V'm,DX2m+l)+ = ^ ^mn , {{'4^n,DXn,D)' , '4^m,DXm,D) ^ = . 

Remark. This Lemma is similar to [CKK2] Lemma 2.6 (see also [PT] p. 44-45). 
Proof. For instance, we prove the third identity. Integration by parts gives 

Inm = I {'4'n,D)'{t, q){i^m,DXm,D){t, q)dt = \ [ {lpm,DXm,D , (^n,D)}(^> (l)dt 
= J / {Xm.Di^n.Dii^ra^D , i'n,D} + i'm,D'4'n,D{Xm,D , i'n,D}){t, q)dt . 

For n^m , this implies 



1 



^{{■ipm,D , iJn,D}{Xm,D , i^n,D}y{x, q, t) 



+ CXD 

= 0. 

x=0 



lin = m, then {ipm,D , 'ipn,D} = 0, {Xm,D , ^n,D} = 1 • Hence, /„„= | Jj^^ 'iPnM^^ q)dt = \ . □ 

A. 4 The leading terms of asymptotics of ^+(0, A) and ^!,_(0, A). 

Recall that «;„ = '0+(O, A°) , < = (V'!}_)'(0, A°) , k^^-^o (0, A°) and so on. (A.2) yields 

l^2n+l = 0, l^2n+l ^ I'^L+lP^'^ ' ^i.'^2n+l) ' '^2n+l — \^2n+l\ ^^'^ ' ^l-^L+l) • (A.13) 

Lemma A. 6. The following asymptotics are fulfilled: 

^2n+l _ ^2n+l _ ^2n+l _ (^2n+l)^ j_ 111 — Df-n-^^ 

K> 9ko -'^V^ )^ , / / ^2 1« - ^ 

2n+l ■^"'2«,-l-l "-o^ij-i \'T'0»,-LiJ J-U 



'^2n+l («^2n+l)^ , TT^ ^/ -iv 

77 -r- + — = Cin ) as n^oo. 
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Proof. We prove the last asymptotics, the others are similar. Let /(A) — tt 22 4 r(^^) 
Identity (A. 2) yields 



(-l)"+i7r .. ^ (-l)"+i7r df(X) 



4 ■'^ ^' ™ 4 dX 

and 



A=4n+3 



64: ' 4 dA2 

Hence, 



A=4n+3 



^^274+1 [K'2n+l) _|_ TI" 



3«;2n+l 4(/t2„+l)2 48 



dX^ \ dX J 1 



d 



2 



A=4n+3 dA^ 



log /(A) ^0{n-') 



A=4n+3 



since ^logr(a;) = 0{x ^) as x— >+oo. □ 

Lemma A. 7. Let ijj^^^ = -0+^(0, q') , ^0^^^ —ip^^\o,a^,q) and so on. For some absolute 
constant 5>0 and all q e H+ the following identities and asymptotics are fulfilled: 



= -2k2n+lQ2n+U ^+ = -2fi:2n+l 92n+l + | ?2n+l + ^ l ^^H) , 

= -2«:2n+l(-^2n+lW+^|+,(n)), (^?)' = 4n+l(i(W)'-^(^2n+l)^+^3%,(n)), 

uniformly on bounded subsets of H+ . 

Proo/. See [CKK2] Lemmas 5.11, 5.12 and [CKK2] Theorem 6.4. □ 
A. 5 Three technical lemmas. 

Lemma A. 8. Let q,p& H+ . Then for all £ e (0, |) the following asymptotics is fulfilled: 

a„™ = («.(<*„«(p))l={^J":LT'A, /-<'«»."'>0. (A.14) 
Proof. Using Lemma A. 2, Corollary A. 3 and asymptotics (A. 6), we obtain 

Mx,p) = V2V'°(a;) + logn • A°)) , V'^l^^) = A°)) , 

where ■^^ is the n-th unperturbed eigenfunction of the harmonic oscillator on R. Note that 

dt dt 



/o (tl+^+l)-p^(t,AO) {t'^^ + m + \X^n-t' 

Therefore, for each i?^0 we have 
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If R = , this gives — 0{n 2) . Let m — n ^ 712+^. In this case we put R — rf and 
obtain 

Using WKB-bounds, it is easy to see (e.g., see [CKK2] Lemma 6.7) that 

= ■ (A°)-i cosl^AO ■ t - f ) + 0{nr^+'-) , \t\ ^n^ . 

Since m^n+n5+^ , we have a/A^^ — a/A^ ^ 'T'^ ■ Integration by parts and gf'eL^(]R) imply 

/ = 0(n-^-^m-^) • / \q\t)\dt + 0(n-2+^^m-^) = C»(n-^-f ^-i) . 

io io 

Therefore, anm — 0{n~^~^m~^)+0{n~^~^^~^^^m~^) — 0{n~^~^m~^). □ 

Lemma A. 9. Let {anm}n,m^o satisfy asymptotics (A. 14) for some e& (0, |) . Then 

k +00 

(Sfe = — — >■ as A; — > 00 . 

n=0 m=k+l 

Proof. Let 

k k+k^^^ k +00 

^(i)^y^ and S^'^^ = \^ \^ ""^ 

ui-n ^ ^ ^ m — n' 

Using the simple estimate 

^ = O flog ^ o f , 

m=«+l 

we get 

= C>(F)^0(n-^(A;+l-n)-^) = 0(A;-^+^logA;) . 

n=0 

Also, we have 

k +CO ^/ _l_e _1\ fc +00 ^/ _i\ 

" ^ m-n ^ ' m-n 

Note that En=oO(n-5-i) = O(fcM) and ^gZl = o(logA; ■ fc-i) . Hence, 

('2) ^ 

Si =0{k~2 log fc) as k^oo . Summarizing, we obtain 5^ — > as A; — >• cxo . □ 
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Lemma A. 10. Let hn = 0{n ^) and hn — v ■ {n+1) '^ + £p_i{n), where veM and ,1] 
Then, 

^ (n-m)2 3(n+l)/3 ^-i^""^' 

Proof. Let 

Since Y.m:\m-n\^^ (n-m)-^ = i7r2+0(n-5) , we have 

Note that 82 = 0{n~^~^), if /9<1, and 5'2 = 0(n~^logn), if = ! . In any case, we obtain 



Let /i^ = hjn—v ■ (m+1) ^. We have 

I ^ {n-mf) ^ ^ (m + 1)2/3-1 (n-m)2 ^ (n-m)2 



Using the simple estimate (m + 1) "^^^^^{n — m) 2 = 0((n+l) 2/^+2) ^ we deduce that 

since ^m = -^|_i(m) . Therefore, Em:m7^n^rn • {n-m)-^ = i'^_i{n) . □ 
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